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Abstract 
A model has been formulated to determine the work of pull-out, U, of an elastic fibre as it shear-
slides out of a plastic matrix in a fractured composite. The fibres considered in the analysis have 
the following shapes: uniform cylinder and ellipsoidal, paraboloidal or conical tapers. Energy 
transfer at the fibre-matrix interface is described by an energy density parameter which is defined 
as the ratio of U to the fibre surface area. The model predicts that the energy required to pull out a 
tapered fibre is small because the energy transfer at the fibre-matrix interface to overcome friction 
is small. In contrast, the pull-out energy of a uniform cylindrical fibre is large because the energy 
transfer is large. The pull-out energies of the paraboloidal and ellipsoidal fibres lay between those 
for the uniform cylindrical and the conical fibres. With the exception of the uniform cylindrical 
fibre which yields a constant energy density, tapered fibres yield expressions for the energy 
density which depend on the fibre axial ratio, q. In particular, the energy density increases as q 
increases but converges at large q. By defining the critical axial ratio, q0, as the limit beyond 
which u is independent of the fibre slenderness, our model predicts the value of q0 to be about 10. 
These results are applied to explain the mechanisms regulating fibre composite fracture. 
(224 words) 
1 Introduction 
This paper is concerned with the energy required to pull out a short fibre, which need not be a 
uniform cylinder, during fracture of a fibre-reinforced composite material. The energy required to 
pull out a uniform cylindrical fibre [1-6], including the transfer of stress between the matrix and 
fibre [7], has been calculated previously. However, recent research has considered the 
reinforcement of composites by fibres which need not be uniform cylinders [8, 9]. This research 
has focussed on the mechanisms of stress transfer using analytical approaches to address the 
reinforcement of a plastic matrix with elastic fibres [10], finite element (FE) models of reinforcing 
a plastic matrix with elastic fibres [11, 12] and FE models of reinforcing an elastic matrix with 
elastic fibres [12, 13] and fracture of fibres [14]. Fig. 1 shows the shapes of the fibres considered 
in this, and previous, papers which we describe as being a uniform cylinder or having conical, 
paraboloidal or ellipsoidal tapers [10]. 
The response of a short-fibre reinforced composite material, subjected to an increasing tensile 
force, occurs in several stages [12, 13]. The first stage is elastic stress transfer from the 
surrounding matrix to the fibre [15] For an elastic fibre embedded in and bonded to an elastic 
matrix, shear-lag analysis predicts that shear of the matrix over the fibre generates an interfacial 
shear stress which places the fibre in tension [4]. The interfacial shear stress is lower for tapered 
fibres than for a uniform cylindrical fibre [12]. The axial tensile stress peaks at the centre of a 
uniform cylindrical fibre and decreases non-linearly to zero at the fibre end. At the other extreme, 
the axial stress in a fibre with conical ends is a minimum at the fibre centre and rises gradually to a 
maximum near the ends [12, 13]. Concentrating stresses near the fibre end makes good sense 
because, should a portion near the end break, the effectiveness of the bulk of this fibre for 
reinforcement would not be appreciably compromised. However, concentrating stresses at the 
fibre centre means that the fibre length will be halved, if it breaks. It has been shown that stress 
distributions for the paraboloid and ellipsoid lay between those for the cylinder and the cone [12, 
13].  
In the second stage of failure, bond disruption occurs at the fibre-matrix interface and propagates 
as the applied force increases [16]. The matrix deforms plastically and flows over the fibre 
surface; shear-sliding analysis predicts that a constant interfacial shear stress  is generated as the 
matrix yields and flows over the fibre [4]. Reinforcement of the composite by the debonded fibre 
is regulated by the plastic stress transfer mechanism. In this case, the axial stress peaks at the 
centre of the uniform cylindrical fibre and decreases linearly to zero at the end; at the other 
extreme, the conical fibre yields a constant axial stress distribution [10]. Stress distributions for 
the paraboloid and ellipsoid lay between those for the cylinder and the cone [10]. Thus, taper 
yields a more uniformly distributed axial stress throughout the fibre as compared to that from a 
uniform cylindrical fibre [10]. 
Finally, the material begins to fail by a variety of mechanisms: debonding at the fibre-matrix 
interface, fibre fragmentation, matrix cracking and fibre pull-out [12, 13]. The order and 
importance of these events depends on the properties of the materials that make up the composite 
[4]. Here we are concerned with pull-out of a fibre, following matrix cracking. 
2 Methods 
2.1 Definitions 
Considers a fibre of length 2L embedded in a matrix as shown in Fig. 2A. When the matrix cracks 
around the fibre, either the short or the long fibre fragment could slide out. However, since more 
energy will be required to pull out the long fragment, it is the short fragment that will be pulled 
out. Therefore, the longest length of the fibre fragment to be pulled out is L and this length 
corresponds to the maximum pull-out energy. 
In previous work [10], the origin, O, of the cylindrical polar coordinate system was defined to be 
at the fibre centre and the fibre-axis direction defined the z-axis. A fractional translation along the 
fibre, with respect to O, was defined by a fractional coordinate Z = z/L where –1 < Z < 1 within a 
fibre. We will use this approach to describe fibre pull-out. During pullout, one matrix fracture 
surface is displaced from O, in the fibre-axis direction, as shown in Fig. 2B.  
The radius, r, of a tapered fibre (Fig. 2) has its maximum value at O when r = r0. The value of r 
then decreases to zero at the ends, E and E’, of the fibre. The fibre axial ratio is defined as 
0
/ rLq =  
(1) 
[10]. For a uniform cylindrical fibre, r is a constant; for the other fibre shapes it is a function of Z, 
as shown in Table 1 [10]. 
2.2 Pull-out force 
A constant shear stress, t, acts at the fibre-matrix interface as the debonded fibre slides out of the 
matrix, during plastic stress transfer. This model is reasonable for composite materials in which 
stiff fibres reinforce a weak matrix [10]. In this case, the molecular basis of a constant value for t 
corresponds to a constant number of macromolecular interactions per unit area between the matrix 
and the fibre. Shear of the interface involves overcoming these intermolecular forces at the 
interface.  
Axial stresses are generated because the force acting to pull out the fibre from the matrix generates 
an interfacial shear stress t. Consider the fibre end, E, at a distance Z from O (Fig. 2B). Let sz(Z) 
be the axial stress in the embedded fibre. Within the embedded section of the fibre, the form of 
sz(Z) can be determined by solving the first order differential equation,  
02d/]d[ 2 =+ qZrz ts  (2) 
[10]. Table 1 presents the results obtained, by solving equation (2), for the fibre shapes considered 
here. During pull-out, when the fibre end, E, is a distance Z from O (Fig. 2), the force applied to 
the fibre at O is given by 
)()()( 2 ZZrZF sp= . (3) 
Note that the magnitude of F depends on Z. Equation (3) can be used to calculate F(Z), for each 
fibre shape, from the expressions for r(Z) and sz(Z) (Table 1). Note that immediately after the 
fibre is pulled out of the matrix (Z = 1), the force becomes zero. 
2.3 Pull-out energy 
The maximum energy to pull a fibre out of the matrix, U, is given by the work done to pull a 
length L of fibre embedded in the matrix, 
ò=
0
1
d)( ZZFLU . 
(4) 
The pull-out energies for the four fibre shapes shown in Fig. 1 are obtained by substituting the 
expression for F(Z), from equation (3), into equation (4) and using the appropriate expressions for 
r(Z) and sz(Z), from Table 1. 
In addition, equation (4) allows us to quantify the energy transfer to overcome frictional forces at 
the fibre-matrix interface using an energy density parameter defined by 
AUu /= , (5) 
where A is the surface area of one half of a fibre. This area is given by 
ò=
1
0
d)(2 ZZrA p . 
(6) 
The surface area A for each of the four shapes shown in Fig. 1 is obtained by substituting the 
appropriate expression for r(Z) from Table 1 into equation (6); the results are shown in Table 1. 
Note that we are only concerned with the surface of the fibre adjacent to the fibre axis; for the 
uniform cylindrical fibre the end faces of the fibre were not considered in the calculation of A. 
3 Results 
The work of pull-out can be expressed in the form: 
2
0LrU apt=  
(7) 
where a is a numerical factor that depends on the shape of the fibre; values of a are given in Table 
2, for each of the four fibre shapes shown in Fig. 1. The other variables in equation (7) are defined 
in section 2.1. According to equation (7) and Table 2, the pull-out energy depends on fibre shape. 
In particular, the energies to pull out a conical fibre, a paraboloidal fibre and an ellipsoidal fibre 
are about 33%, 53% and 67%, respectively, that of the uniform cylindrical fibre. 
This paragraph is concerned with the expression for the pull-out energy, U, for a uniform cylinder 
which is given by substituting the value for a from Table 2 into equation (7). This result is the 
same as that published previously [3]. The published result was obtained by calculating U directly 
from the interfacial stress, t. Although this approach is simplest for a uniform cylindrical fibre, it 
is simpler to calculation U from sz(Z) for a tapered fibre. That the two approaches give the same 
result for a uniform cylinder provides confirmation of the approach adopted here.  
The energy transfer at the fibre-matrix interface for the four fibre shapes can be expressed in the 
form: 
Lu bt=  (8) 
where b is a numerical factor that depends on the shape of the fibre; values of b are given in Table 
2, for each of the four fibre shapes shown in Fig. 1. For the uniform cylindrical fibre b  is a 
constant; for the other shapes, b depends on q. Fig. 3 shows plots of Lu t/  versus q, evaluated by 
substituting the appropriate value for b from Table 2 into equation (8), assigning a value for q  in 
the range 1-3500. The upper limit of q was selected to cover the variety of fibres available in 
engineering materials [17] and in biological tissues [18]. It is observed that, apart from uniform 
cylindrical fibre which yields a constant Lu t/ , in tapered fibres Lu t/  increases non-linearly as q 
increases at small q values. Beyond q = 10, Lu t/ converges to 0.106, 0.126 and 0.134, for the 
conical fibre, the paraboloidal fibre and the ellipsoidal fibre, respectively. We note that these 
magnitudes of Lu t/  are lower than that of the uniform cylindrical fibre. Note also that the 
convergent limit of Lu t/  in tapered fibres corresponds to the beginning of rapid increment in the 
surface area as shown in the plots of A versus q in Fig. 4. Here, A was evaluated at values of q in 
the range of 1-3500, by fixing the value of r0 at unit length in arbitrary units (a.u.) and calculating 
the corresponding L from equation (1). Note that the units used for area and length are immaterial 
as long as they are consistent. 
4 Discussion 
Following from the discussion in section 1, when the load applied to the fibre composite is 
sufficiently large, the composite fails. At this point, any fibres that were bonded to the matrix 
could fragment. Thereafter, two modes of failure could occur: (1) a circular crack propagating 
outwards into the matrix; (2) a cylindrical crack propagating along the fibre-matrix interface from 
the break point to the fibre end [19]. However, should the fibre not fragment, it could debond from 
the matrix if a crack wake (in the matrix) develops around the fibre [20]. Consequently, shear-
sliding analysis predicts that a debonded fibre whose length is longer than the fibre critical length 
is most effectiveness for reinforcing the composite; the fibre take up stress and fragments when 
the stress level reaching magnitudes equal to the fracture stress of the fibre [4]. It follows that the 
critical length of the conical fibre is the longest; at the other extreme, the critical length of the 
uniform cylindrical fibre is the shortest. The critical lengths of intermediate fibre shapes, i.e. the 
paraboloidal fibre and the ellipsoidal fibre, lies between the two extremes of fibre shape [14]. 
Experiments have shown that the longer the fibres (assuming similar radii for all the fibres), the 
tougher, stronger and stiffer the composite [21].  
Thus, the bulk of the load is supported by the matrix surrounding fibres whose length is shorter 
than the critical length because these fibres are ineffective for reinforcing the matrix [4]. If the 
matrix ruptures around the fibre; the fibre attempts to bridge the rupture site. Complete debonding 
of the fibre from the matrix has been predicted using the Griffith energy approach [6]. Further 
increase in the applied load eventually causes the fibre to be pulled out of the matrix. The energy 
required to pull out a tapered fibre is small because the energy transfer at the fibre-matrix interface 
to overcome friction is small. In contrast, the energy required to pull out a uniform cylindrical 
fibre is large because the energy transfer at the fibre-matrix interface to overcome friction is large. 
The pull-out energies for the paraboloid and ellipsoid lay between those for the cylinder and the 
cone. These results may be intuitively obvious; we note that less energy is needed to puncture a 
material using a probe which features a tapered end than one with a blunt end and that the same 
argument holds when the probes are pulled out of the material. However, the results presented 
here allow this effect to be quantified. With the exception of the uniform cylindrical fibre which 
yields a constant energy density as demonstrated in Fig. 3, tapered fibres yield expressions for the 
energy density which depends on the fibre axial ratio, q, as defined in section 2.1. Here, the energy 
density increases as q increases but plateaus out at large q. Defining the critical axial ratio, q0, as 
the limit beyond which the energy density is independent of the fibre slenderness, our model 
predicts that q0 has a value of about 10 for tapered fibres. 
Wisnom and Green [22] have predicted that if uniform cylindrical fibres, embedded in a matrix, 
are within a critical axial distance, these adjacent fibres could behave like a bundle and induce 
failure in shear in the vicinity of the bundle. Thereafter, the fibre bundle could be pulled out from 
the rest of the composite, consequently, the composite suffers a castastrophic failure. We note that 
it remains to be seen if tapered fibres response in the same way to form bundles. In this case, how 
taper would influence the interaction mechanism of fibres within the bundle and how this would in 
turn influence the failure of the composite by pull-out could then be the subject for further 
investigation.  
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Figure captions 
Fig. 1 Shapes of the fibres considered in this paper: (A) cylindrical, (B) conical, (C) paraboloidal 
and (D) ellipsoidal.  
Fig. 2 Models of (A) a fibre embedded in matrix and (B) fibre pull-out from the matrix. The model 
is axisymmetric about the axis so that only a plane about the axis is shown here. Also the centre of 
the fibre defines the origin O of the cylindrical polar coordinate system. The ends of the fibre are 
indicated by E and E’. The full model is obtained by rotating 180
o
 about the z-axis to generate an 
axisymmetric fibre composite. Here, r0 represents the radius of the fibre, at the centre of the fibre, 
and L represents the half-length of the fibre.  
Fig. 3 Graph of u/tL versus q for the following shapes: a cone, a paraboloid, an ellipsoid and a 
uniform cylinder. 
Fig. 4 Graph of A versus q for the following shapes: a cone, a paraboloid, an ellipsoid and a 
uniform cylinder. Here, r0 and L were assigned lengths of the arbitrary units (a.u.) for determing A; 
for further explanations see section 3. 
